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a b s t r a c t 

Stability of one-dimensional gaseous detonations is revisited using both asymptotic analysis and high- 

order numerical simulations. The double limit of small heat release and a ratio of specific heats close 

to unity is considered, and attention is focused on weakly unstable detonations in the Chapman-Jouguet 

regime. It is shown that the time-dependent velocity of the lead shock can be obtained as the eigenfunc- 

tion of a hyperbolic problem reducing to a single hyperbolic equation for the flow. The solution is then 

expressed in the form of an integral equation for the shock velocity, from which the threshold activa- 

tion energy for transition to instability and the oscillation frequency can be obtained. These theoretical 

findings are validated against a set of direct numerical simulations of one-dimensional detonations in the 

same limit, performed using a high-order spectral difference scheme in which particular care is taken to 

ensure a high resolution of the flow with minimal numerical dissipation, while also suppressing post- 

shock numerical aberrations. Values of detonation parameters at the instability threshold obtained from 

numerical simulations are systematically compared against their theoretical counterparts, confirming the 

validity of the proposed asymptotic theory. 

© 2021 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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. Introduction 

Starting with the early works by Erpenbeck [1] and Fickett 

nd Wood [2] back in the 1960s, the dynamics of detonation 

aves has been subject to numerous experimental, theoretical and 

umerical studies [3–10] . Interest in this field has been motivated 

y the desire for a better fundamental understanding of the 

onlinear dynamics of these supersonic combustion waves, and 

ore recently, by some promising applications such as rotating 

etonation engines [11–16] , in which the instability of detonations 

as a major impact on the system performance. 

Since the 1990s, significant advances toward the understanding 

f the strongly nonlinear dynamics of detonation fronts have been 

ade by theoretical analyses (see [17,18] and references therein). 

owever, very few asymptotic analyses providing constitutive 

odels describing the behavior of these unsteady supersonic 

ombustion waves have been reported in the literature. Indeed, 

he unsteady coupling between the shock discontinuity and the 

ombustion chemistry controlling the amount of heat release 

akes addressing the problem through analytical developments a 

uite challenging task. The most recent progress in this direction 

oncerns the direct initiation of gaseous detonations for which 
∗ Corresponding author. 
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heoretical analyses have been completed with success [19,20] . 

uch asymptotic analyses are built after carefully calibrating 

ontrol parameters, with the ultimate objective of improving our 

nderstanding by retaining the key mechanisms at the expense of 

thers, which are expected to be less influential. The purpose is 

hus to simplify the formulation in a systematic way for obtaining 

nalytical solutions, which then describe the main features of the 

henomena at play. 

The present work revisits previous asymptotic develop- 

ents [21] tackling the linear dynamics of weakly overdriven 

aves in the limit of small heat release and for a ratio of specific 

eats close to unity, i.e., the so-called Newtonian approximation. 

eakly unstable waves in the Chapman-Jouguet (CJ) regime are 

onsidered in the current work (cf. Fig. 1 ), and three major sim- 

lifications arise in the asymptotic analysis: firstly, compressional 

eating within the inner structure of the detonation is shown to 

e negligible in comparison to heating by combustion, which is 

 rather valid approximation for a generic gaseous detonation. 

econdly, in association with the limit of small heat release, 

he variation of the speed of sound with temperature is negli- 

ible. Thirdly, a two-timescale dynamics is shown to control the 

esponse of heat release in the reaction zone to velocity fluctua- 

ions of the leading shock. The two time scales are associated to 

isturbances developing within the detonation and propagating 

pstream and downstream respectively, as illustrated in Fig. 1 . 

ue to the transonic nature of the flow (within the inner structure 
. 

https://doi.org/10.1016/j.combustflame.2021.111535
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Fig. 1. Schematic representation of the pressure distribution across a Chapman-Jouguet detonation with characteristics instability modes. 
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f the detonation) in the double limit of small heat release and 

nity ratio of specific heats, the disturbances propagating via the 

ownstream modes can be considered to be quasi-instantaneous, 

nd the dynamics of the unsteady detonation is only controlled by 

he upstream-running mode. 

In the Chapman-Jouguet regime of real detonations (i.e. outside 

he asymptotic limits considered for the study), the flow relative 

o the lead shock is sonic at the end of the reaction zone, but 

s substantially subsonic at the Neumann state, so that the two- 

imescale nature of the dynamics is less pronounced. Even though 

he absolute values of the parameters characterizing the dynamics 

f these real detonations can be quantitatively different, the gen- 

ral trends reported in this study remain nonetheless qualitatively 

alid. Specifically, the role of the characteristics loops between 

he lead shock and the reaction zone (as summarized in Fig. 1 ), 

ppears as the driving mechanism of detonation instability. This 

oupling mechanism remains equally relevant for realistic deto- 

ations, although the two time-scale nature of the characteristic 

aves is less pronounced for detonations observed in real systems. 

In the theoretical part of the current work, the time-dependent 

elocity of the lead shock is obtained as an eigenfunction of a 

ingle hyperbolic equation for the flow velocity with two boundary 

onditions, one at the Neumann state using the Rankine-Hugoniot 

onditions, and the other in the burnt gas where a sonic condition 

s applied for the CJ regime. The flow is fed by an unsteady re-

ction rate whose time dependence is through the shock velocity 

nly. The solution is then cast in the form of an integral equa- 

ion for the time-dependent shock velocity of a weakly unstable 

etonation, just above the instability threshold. In this analysis, 

ombustion chemistry appears only through the distribution of 

he heat release rate, with the chemical time scale introduced as 

 free parameter. 

Theoretical results are validated against direct numerical simu- 

ations. In the numerical study, the one-dimensional reactive Euler 

quations are solved using the high-order spectral difference (SD) 

ethod [22–24] . Numerical simulations resolving the oscillations 

n time are performed in the double limit of low heat release 

nd specific heat ratios close to unity. A modified single-step 
d

2 
rrhenius chemistry whose time dependence follows a scaling law 

pproximating heat-release profiles for real hydrogen-oxygen deto- 

ations [25] is used. A recently proposed shock capturing approach 

or high-order methods based on characteristic waves is ap- 

lied [26] in order to minimize post-shock numerical aberrations. 

The paper is organized as follows: the flow configuration under 

tudy and the theoretical formulation are presented in the subse- 

uent section. Then, the asymptotic analysis leading to an integral 

quation for the shock velocity of the CJ detonation is presented. 

he specific framework of the parametric analysis for the compar- 

son of numerical and theoretical results is then discussed. After 

hat, the numerical analysis is presented and results are compared 

gainst the theoretical predictions, before concluding. 

. Flow configuration and theoretical formulation 

.1. Primitive balance equations 

In a planar geometry, Euler’s equations of a reactive gas flow 

ake the form 

1 

ρ

(
∂ 

∂t 
+ u 

∂ 

∂x 

)
ρ + 

∂u 

∂x 
= 0 , 

(
∂ 

∂t 
+ u 

∂ 

∂x 

)
u = −∂ p 

∂x 
, (1) 

∂ 

∂t 
+ u 

∂ 

∂x 

)[
ln T − (γ − 1) 

γ
ln p 

]
= 

q m 

c p T 

w (T , Y ) 

t r 
, 

∂ 

∂t 
+ u 

∂ 

∂x 

)
Y = 

w (T , Y ) 

t r 
, (2) 

here ρ is the density, p is the pressure, u is the flow velocity 

n the laboratory frame, γ = c p /c v is the constant ratio of specific 

eat, q m 

denotes the chemical heat release per unit mass of the 

ixture, T is the temperature, Y is the progress variable ( Y = 0 in

he initial mixture and Y = 1 in the burned gas, 1 − Y is the re-

uced mass fraction of the limiting component in a one-step reac- 
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i

ion), t r is the reaction time at the Neumann state of the planar CJ 

etonation and w denotes the non-dimensional heat-release rate. 

Assuming the ideal gas law, the pressure p and the sound 

peed a may be written 

p = 

γ − 1 

γ
c p ρT , a = 

√ 

γ
p 

ρ
. (3) 

ttention is focused on an irreversible exothermic reaction, whose 

ate 

˙ 
 (T , Y ) = 

w (T , Y ) 

t r 
� 0 (4) 

epends on the temperature T and the mass fraction of the species 

 , the pressure dependence of the reaction rate being neglected 

or simplicity in comparison to the thermal sensitivity. 

Boundary conditions may be applied at the compressed side 

f the lead shock and at the exit of the reaction zone. Let us 

onsider a propagation from right to left with an orientation of 

he axis towards the burnt gas, the gas flowing in the negative 

irection u < 0 in the laboratory frame. The lead shock of the 

etonation is modelled as a discontinuity in the flow of inert 

as at initial temperature T u (composition of frozen fresh gases 

 = Y u , w (T u , Y u ) = 0 ). The boundary conditions on the shock (the

eumann state is denoted by the subscript N) are given by the 

ankine-Hugoniot jump relations 

 N = Y u , 
p N 
p u 

= 1 + 

2 γ

γ + 1 

(M 

2 − 1) , 
ρN 

ρu 
= 

1 + (M 

2 − 1) 

1 + 

γ −1 
γ +1 

(M 

2 − 1) 
, 

u N 

a u 
= −

(
1 − ρu 

ρN 

)
M, (5) 

here the subscript u denotes the fresh mixture at rest and 

 ≡ D/a u > 1 is the propagation Mach number, D being the prop- 

gation velocity of the lead shock. For a weak shock 0 < M − 1 � 1 ,

he system of Eq. (5) reads 

T N 
T u 

= 1 + 4 

(γ − 1) 

γ + 1 

(M − 1) + O 

[
(M − 1) 2 

]
, (6) 

p N 
p u 

= 1 + 4 

γ

γ + 1 

(M − 1) + O 

[
(M − 1) 2 

]
, (7) 

u N 

a u 
= − 4 

γ + 1 

(M − 1) + 

2 

γ + 1 

(M − 1) 2 + O 

[
(M − 1) 3 

]
, (8) 

U N 

a u 
≡ u N 

a u 
+ M = 1 − 3 − γ

γ + 1 

(M − 1) + 

2 

γ + 1 

(M − 1) 2 

+ O 

[
(M − 1) 3 

]
. (9) 

Considering a CJ detonation propagating in an infinite medium, 

he boundary condition at the exit of the reaction zone is a sonic 

ondition, meaning that compressible waves in the flow of burnt 

as cannot enter the reaction zone (i.e., radiation condition). 

.2. Characteristic equations in the moving frame 

An alternative form of the energy equation in (2) is expressed 

n terms of p and u , by using the ideal gas law (3) when ρ is

liminated from the mass conservation equation in (1) , 

1 

γ p 

(
∂ 

∂t 
+ u 

∂ 

∂x 

)
p + 

∂u 

∂x 
= 

q m 

c p T 

w (T , Y ) 

t r 
. (10) 

he equations for the conservation of mass and momentum in 

1) can be put in the form of two hyperbolic equations for u and

p when the equation for conservation of momentum in (1) is 
3 
ultiplied by a/ (γ p) = 1 / (ρa ) , then added to and subtracted

rom (10) : 

1 

γ p 

[
∂ 

∂t 
+ (u ± a ) 

∂ 

∂x 

]
p ± 1 

a 

[
∂ 

∂t 
+ (u ± a ) 

∂ 

∂x 

]
u = 

q m 

c p T 

w (T , Y ) 

t r 
. 

(11) 

These equations, relating the propagation of the disturbances 

f pressure p and flow velocity u to the rate of heat release w/ t r ,

re the simple extension of the usual characteristic equations 

simple waves) to reacting gases. When (3) is used and when 

he chemical kinetics w (T , Y ) /t r is known, the four equations in

2) and (11) form a closed set of equations for p, u , T and Y . 

Considering the intrinsic dynamics of a Chapman-Jouguet wave, 

he flow in the burnt gas u = u b , p = p b , w = 0 , the sonic condition

or the unperturbed wave propagating at the constant CJ velocity 

 and the radiation condition yield 

 + u b = a b , δp b + ρb a b δu b = 0 , (12) 

here the overline denotes the unperturbed solution, and the 

ecomposition z = z + δz has been used. 

The equation for the trajectory of the shock front in the 

aboratory frame, 

 = x f (t) , d x f / d t = −D(t) < 0 , u < 0 , (13) 

uggests that it is convenient to use the reference frame attached 

o the lead shock: 

 ≡ x − x f (t) ⇒ ∂ /∂ x → ∂ /∂ x , ∂ /∂ t → ∂ /∂ t + D(t) ∂ /∂ x , 

(14) 

 + u > 0 being the flow velocity relative to the shock. The 

oundary conditions at the Neumann state take the form 

 = 0 : Y = Y u , p = p N (t) , T = T N (t) , u = u N (t) < 0 , (15)

here p N (t) , T N (t) , and u N (t) are given in term of the in-

tantaneous propagation velocity D(t) in (5) . Introducing the 

on-dimensional coordinate ξ , attached to the moving front of the 

ead shock and reduced by the thickness of the unperturbed CJ 

etonation (denoted by an over-bar), 

≡ x − x f (t) 

U N t r 
, with U N ≡ D + u N , 0 < U N < a N , (16) 

qs. (2) and (11) become 

t r 
∂ 

∂t 
+ 

(u + D) 

U N 

∂ 

∂ξ

][
ln T − (γ − 1) 

γ
ln p 

]
= 

q m 

c p T 
w (T , Y ) , 

t r 
∂ 

∂t 
+ 

(u + D) 

U N 

∂ 

∂ξ

]
Y = −w (T , Y ) , (17) 

t r 
∂ 

∂t 
+ 

(D + u ± a ) 

U N 

∂ 

∂ξ

]
ln p ± γ

a u 

a 

[
t r 

∂ 

∂t 
+ 

(D + u ± a ) 

U N 

∂ 

∂ξ

]
u 

a u 

= γ
q m 

c p T 
w (T , Y ) . (18)

he boundary conditions (12) and (15) have to be used at ξ → ∞ 

nd ξ = 0 , respectively. 

. Asymptotic analysis 

In this section, we revisit the linear analysis [21] in the limit 

f small heat release, with a particular attention to the Chapman- 

ouguet wave and to the weakly nonlinear solutions just above the 

nstability threshold. 
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.1. Asymptotic limit and the two-timescale dynamics 

The analysis is performed in the limit of small heat release 

 ≡ [(γ + 1) / 2] q m 

/ c p T u � 1 by introducing the small parameter ε
nd using the following distinguished limit: 

≡ √ 

Q � 1 , (γ − 1) /ε � 1 . (19) 

The propagation Mach number of the planar CJ wave 

 = 

√ 

Q + 

√ 

Q + 1 differs from unity by a small amount 

 − 1 = ε + O(ε2 ) . For M − 1 � 1 , the lead shock is weak. Yet, it

an be considered as a discontinuity in a flow governed by the 

uler equations if the reaction rate 1 /t r is much smaller than the 

lastic collision rate 1 /t c and if the detonation thickness a u t r is 

uch larger than the thickness of the lead shock a u t c / (M − 1) [18] .

his is still the case in the asymptotic limit ε → 0 , provided that 

he following ordering is satisfied: t r /t c 	 1 /ε. Notice, however, 

hat the entropy jump across the lead shock is negligible [18] . 

In the limit (19) , the Rankine-Hugoniot conditions (5) read, 

p N 
p u 

− 1 = 2 ε + O(ε2 ) , 
T N 
T u 

− 1 = O[(γ − 1) ε] , 

a u 

U N 

= 1 + O(ε) , (20) 

D − a u 

a u 
= ε + O(ε2 ) , 

u N + D − a u 

U N 

= −ε + O(ε2 ) , 

u N + D + a u 

U N 

= 2 − ε + O(ε2 ) . (21) 

The attention is now focussed on disturbances that are of the 

ame order of magnitude as ( D − a u ) /a u = O(ε) but, as we shall

ee, with a thermal sensitivity of the reaction rate sufficiently 

arge to have variations which are of the order of unity. The 

on-dimensional flow velocity and the shock velocity, respectively, 

and ˙ ατ , both of them of order unity, are introduced in the limit 

19) 

→ 0 : μ = O(1) , ˙ ατ = O(1) , (22) 

D + u 

a u 
≡ 1 − εμ, 

D − D 

a u 
≡ ε ˙ ατ

⇒ 

D + u 

a u 
= 1 − ε(μ − ˙ ατ ) , M − 1 = ε + ε ˙ ατ + O(ε2 ) , (23) 

a 

a u 
= 1 + O(ε2 ) ⇒ 

D + u + a 

a u 
= 2 + O(ε) , 

D + u − a 

a u 
= −ε(μ − ˙ ατ ) + O(ε2 ) , (24) 

here the first relation in (24) comes from q m 

/ c p T u = O(ε2 ) ⇒ 

T − T N ) /T N = O(ε2 ) . 

According to the last equation in (20) , the sound speed a u in 

he denominator of the two last relations in (24) can be replaced 

y U N without modification of the leading order, showing the 

uasi-transonic character of the flow u + D in the frame attached 

o the lead shock. According to (7), (9) and (23) , the Rankine- 

ugoniot conditions at the Neumann state take the form 

= 0 : p = p N , T = T N , μ = μN ;
p N /p u = 1 + 2 ε(1 + ˙ ατ ) + O(ε2 ) , (25) 

 N /T u = 1 + 2(γ − 1)[1 + ε(1 + ˙ ατ ) + O(ε2 )] , (26) 

N = 1 + 2 ̇ ατ + O(ε) , (27) 
4 
nd, the boundary condition in the burnt gas (12) yields 

→ ∞ : w = 0 , μ = 0 (sonic condition) , (28) 

ut no condition on δμ is prescribed in the burnt gas to leading 

rder in the limit ε → 0 , since, according to the definition of 

in (23) , εδμb = −δu b / a b , which simply implies the order of 

agnitude of δu b , namely, δu b / a b = O(ε) . In relation with (25) , it

s convenient to introduce the reduced pressure, of order unity in 

he limit ε → 0 , 

p/ p N − 1 ≡ επ, π = O(1) ; ξ = 0 : π = πN ;
N = 2 ̇ ατ + O(ε) . (29) 

According to (24) , Eq. (18) exhibit the two-timescale nature 

f the compressible waves; the upstream-running one (propa- 

ating toward the lead shock) has a velocity smaller than the 

elocity of the downstream running one by a factor ε. Eq. (17) is 

he downstream-running entropy wave which is convected by 

he flow u + D. The dynamics is resulting from a continuous 

et of loops constituted by two downstream-running modes 

nd an upstream-running one. Disturbances are generated at 

he shock by the fluctuations of the propagation velocity D(t) . 

hey are propagated through the detonation thickness by the 

ownstream-running modes, perturbing the distribution of the 

eaction rate. Disturbances are then sent back to the lead shock by 

he upstream-running mode, closing the loop. 

An instability develops if the retroaction on the shock velocity, 

elayed by the loops, is in phase with the emission. In the limit 

→ 0 , the downstream running modes are infinitely faster than 

he upstream-running one and they produce quasi-instantaneous 

isturbances. The dynamics of the lead shock is controlled by the 

pstream-running mode (the slowest in the loop) and, according 

o (16) and the second equation in (24) , the characteristic time of 

volution is longer than the transit time t r of a fluid particle across 

he inner structure of the detonation by a factor of order ε. It is 

herefore useful to introduce the time of order unity τ = O(1) 

≡ ε
t 

t r 
= O(1) , 

∂ 

∂t 
= 

ε

t r 

∂ 

∂τ
. (30) 

.2. Unsteady distribution of heat release and scaling law 

The differential operator on the left-hand side of Eq. (17) takes 

he form 

∂ / ∂ τ + [ 1 + O(ε) ] ∂ / ∂ ξ ≈ ∂ / ∂ ξ , 

o that, to leading order in the limit ε → 0 , the equations of 

pecies and energy are in steady state. 

Neglecting corrections of order smaller than ε2 , the approxi- 

ation q m 

/c p T u ≈ ε2 can be applied to Eqs. (17) and (18) , showing

hat the relative variation of the energy is of order ε2 . After 

ividing by ε2 , the reduced energy on the left-hand side of the 

rst equation in (17) , (T − T N ) / (ε
2 T N ) + [(γ − 1) / (εγ )] π , varies

n the order of unity and, to leading order in the limit (19) ,

γ − 1) /ε � 1 , compressional heating is negligible. 

To leading order, the equations for conservation of species and 

nergy reduce to 

1 

ε2 T N 

∂T 

∂ξ
= 

∂Y 

∂ξ
= w (T , Y ) , (31) 

= 0 : T = T N (τ ) , Y = 0 ; ξ = ξb → ∞ : Y = 1 , 

 (T , 1) = 0 , (32) 

here Y has been considered here as the progress variable for 

implicity. The final result is more general and can be applied to 

ny distribution of heat released by combustion. The asymptotic 
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Z

imit ε → 0 of (31) and (32) is meaningful only for small fluctu- 

tions of the Neumann temperature (T N (τ ) − T N ) / (εT N ) = O(ε2 ) , 

o that the reduced temperature of order unity in (31) is θ ≡
T − T N ) / (ε

2 T N ) . The time dependence of the detonation structure 

s through the Neumann temperature T N (τ ) only and the instan- 

aneous distribution of the unsteady heat release w o [ ξ , T N (τ )] 

s obtained by solving the steady-state problem (31) and (32) , 

ith 

∫ ∞ 

0 w o 

(
ξ , T N 

)
d ξ = 1 . According to (26) , (T N − T N ) / T N =

(γ − 1) ε ˙ ατ , the thermal sensitivity of w (T , Y ) should be strong 

nough to produce a non trivial effect in the limit ε → 0 . 

For simplicity, we will use a scaling law for the unsteady 

istribution of reaction rate. The chemical kinetics of ordinary 

ombustible mixtures is constituted by initiation steps, chain- 

ranching steps and recombination reactions. The corresponding 

patial distribution of heat release rate in a detonation wave is 

onstituted by an induction zone, followed by a zone of heat 

elease. The thermal sensitivity of the induction length is de- 

cribed by an Arrhenius law, l ind (T N ) ∝ a u t r e 
E/ (k b T N ) , where E is the

ctivation energy of the chain-branching step [18] , 

 ind (T N ) /l ind ( T N ) = exp 

[
E 

k B T N 

(
T N 
T N 

− 1 

)]
, with 

T N /T N − 1 = −2(γ − 1)[ ε ˙ ατ + O(ε2 )] , (33) 

here (26) has been used. Introducing the reduced activation 

nergy b of order unity, the induction length is expressed in terms 

f the propagation velocity ˙ ατ (τ ) in the form 

 ≡ 2(E/ k B T N )(γ − 1) ε = O(1) , l ind (T N ) /l ind ( T N ) = e −b ̇ ατ (τ ) . 

(34)

Assuming that the strongest temperature dependence of the 

eaction rate comes from the induction reactions and neglecting all 

he other temperature dependence in the limit ε → 0 , the unsteady 

istribution of heat release is approximated by a scaling law, 

 

(sl) 
o [ ξ , T N (τ )] = 

l ind ( T N ) 

l ind (T N ) 
w o 

[
x − x f (τ ) 

l ind ( T N ) 

]
= e b ̇ ατ (τ ) w o 

[
ξe b ̇ ατ (τ ) 

]
, 

(35) 

here w o (ξ ) , 
∫ ∞ 

0 w o (ξ ) d ξ = 1 , is the normalized distribution of 

he unperturbed CJ wave, the reference time t r used in Eq. (16) be- 

ng defined as U N t r = l ind ( T N ) . It turns out that the approximation

35) is satisfactory for hydrogen flames, see Fig. 2 in [25] . For a

etter quantitative accuracy, the distribution w o [ ξ , T N (τ )] , solution 

f the steady equations of energy and species in (31) and (32) , 

ould be used. From now on we will use the notation 

 (τ ) ≡ b ˙ ατ (τ ) = O (1) and write 

w 

(sl) 
o [ ξ , T N (τ )] = e y (τ ) w o [ ξe y (τ ) ] . (36) 

.3. Integral equation 

Using (23) and (24) and (29) –(30) , Eq. (18) divided by ε2 yield {
∂ 

∂τ
+ 

[ 
2 

ε
+ O(1) 

] 
∂ 

∂ξ

}
(π − μ) = w o [ ξ , y (τ )] , (37) 

{
∂ 

∂τ
− [ (μ − y/b) + O(ε) ] 

∂ 

∂ξ

}
(π + μ) = w o [ ξ , y (τ )] , (38) 

here we have used the more transparent notation w o [ ξ , y (τ )] 

n place of w o [ ξ , T N (τ )] . To leading order in the limit ε → 0 ,

q. (37) shows that 

∂ 

∂ξ
(π − μ) = 0 . (39) 
5 
n addition, from Eqs. (27) and (29) we get 

N = 1 + πN . (40) 

qs. (39) and (40) then imply that 

(ξ , τ ) = μ(ξ, τ ) − 1 . (41) 

Substituting the above equation into (38) , the problem reduces 

o solving a single hyperbolic equation for the flow μ(ξ, τ ) , fed 

y the heat release w o [ ξ , y (τ )] : 

∂μ

∂τ
−

[
μ − y (τ ) 

b 

]
∂μ

∂ξ
= 

1 

2 

w o [ ξ , y (τ )] , (42) 

hich is the simple wave corresponding to the upstream-running 

ode (propagating in the negative direction, i.e. from the reacting 

as to the lead shock). The boundary conditions are (12) at infinity 

nd (27) at ξ = 0 . The flow of the unperturbed CJ detonation 

 y = 0) is μ(ξ ) ∈ [0 , 1] , 

(ξ ) = 

√ 

1 −
∫ ξ

0 

w o (ξ ′ ) d ξ ′ , 
∫ ∞ 

0 

w o (ξ
′ ) d ξ ′ = 1 , 

 o (ξ ) = w o (ξ , y = 0) > 0 . (43) 

The time-dependent propagation velocity y (τ ) (with y = 0 ) is 

btained as an eigenfunction of the problem (42) with, according 

o (27) –(28) , the following boundary conditions for the solution 

(ξ , τ ) : 

= 0 : μ = 1 + 2 y (τ ) /b, 

→ ∞ : μ = 0 , μ = δμb where δμb is not known, (44) 

ee the text below (28) . It turns out that the linear solution 

f (42) –(44) is obtained without any requirement concerning 

μb . Linearization of the flow field μ = μ(ξ ) + δμ(ξ , τ ) on the 

eft-hand side of (42) yields 

∂ 

∂τ
δμ − ∂ 

∂ξ
( μδμ) = G[ ξ , y (τ )] , 

[ ξ , y (τ )] ≡ 1 

2 

{ w o [ ξ , y (τ )] − w o (ξ ) } − 1 

b 

d μ

d ξ
y, (45) 

∂ 

∂τ
( μδμ) − μ(ξ ) 

∂ 

∂ξ
( μδμ) = μ(ξ ) G[ ξ , y (τ )] . (46) 

It is useful to introduce the change of variable ζ (ξ ) ∈ [0 , ∞ ) : 

(ξ ) = 

∫ ξ

0 

d ξ ′ 
μ(ξ ′ ) , μ(ξ ) 

∂ 

∂ξ
= 

∂ 

∂ζ
, (47) 

hich is a one-to-one correspondence between ξ and ζ inside 

he inner structure, since the function μ(ξ ) remains positive 

it decreases monotonically from 1, at ξ = 0 , to 0, for ξ → ∞ ).

ntroducing the new functions F (ζ , τ ) and Z(ζ , τ ) , 

 (ζ , τ ) ≡ μ[ ξ (ζ )] G[ ξ (ζ ) , y (τ )] , 

(ζ , τ ) ≡ μ[ ξ (ζ )] δμ[ ξ (ζ ) , τ ] , (48) 

q. (46) and the boundary conditions (44) become: 

∂Z 

∂τ
− ∂Z 

∂ζ
=F (ζ , τ ) , ζ = 0 : Z = 2 y (τ ) /b, ζ → ∞ : Z → 0 , 

(49)

here the boundary condition at infinity comes from the 

imits lim ξ→∞ 

ζ (ξ ) = ∞ and lim ξ→∞ 

μ(ξ ) = 0 and one has 

im ζ→∞ 

F (ζ , τ ) = 0 . 

The general solution of the hyperbolic Eq. (49) is 

(ζ , τ ) − Z(0 , τ + ζ ) = −
∫ ζ

F (ζ ′ , ζ + τ − ζ ′ ) d ζ ′ . (50) 

0 
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Fig. 2. Distributions across CJ steady detonation for γ = 1 . 005 , ε = 0 . 1 , β = 5 , b = 0 . 9 : solid line, normalized density; dashed line, normalized pressure; dash-dotted line, 

normalized flow velocity; dotted line; Neumann conditions. 
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G

ence, taking the limits ζ → ∞ and τ → ∞ , keeping τ + ζ
onstant and equal to τo , τ + ζ = τo , the boundary condition 

im ζ→∞ 

Z(ζ , τ ) → 0 ∀ τ yields 

(0 , τo ) = 

∫ ∞ 

0 

F (ζ ′ , τo − ζ ′ ) d ζ ′ , (51) 

hich, when using the boundary condition at the Neumann state 

n (49) , ζ = 0 : Z = 2 y (τ ) /b, becomes an integral equation of the

orm 

 y (τ ) = b 

∫ ∞ 

0 

F (ζ , τ − ζ ) d ζ , (52) 

n which the subscript of τo has been suppressed. 

According to (45) and (48) , the time dependence of F (ζ , τ ) 

s through y (τ ) , so that Eq. (52) is an integral equation for the
6 
elocity of the lead shock, y (τ ) ≡ b ̇ ατ (τ ) , involving an integra- 

ion on the time delay associated with the transit time of the 

pstream-propagating mode, from each point inside the inner- 

etonation-structure to the lead shock (continuous set of loops 

entioned at the end of Section 3.1 ). 

.4. Instability threshold for the scaling law 

When considering the stability limit, the function F (ζ , τ ) has to 

e linearized. Using the scaling law (35) , the linearization yields 

δF (ζ , τ ) = g(ζ ) y (τ ) , g(ζ ) ≡ μ[ ξ (ζ )] G [ ξ (ζ )] , 

 (ξ ) ≡ d 

d ξ

[
b 

2 

ξw o (ξ ) − μ(ξ ) 

]
, (53) 
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o that, according to (52) , the linear integral relation for the 

ropagation velocity takes the form 

 y (τ ) = 

∫ ∞ 

0 

g(ζ ) y (τ − ζ ) d ζ . (54) 

Using a normal mode analysis, y (τ ) ∝ e στ , a transcendental 

quation is obtained for the complex linear growth rate σ in the 

orm of an equation for a Laplace transform 

 = 

∫ ∞ 

0 

g(ζ ) e −σζ d ζ , 2 = 

∫ ∞ 

0 

G (ξ ) e −σ
∫ ξ

0 d ξ ′ / μ(ξ ′ ) d ξ , (55) 

hich is an equation similar to that obtained previously for 

eakly overdriven detonations [21] . 

Setting σ = s + iω, s = � (σ ) , ω = � (σ ) , two equations are

btained for determining the oscillatory frequency and the critical 

alue of b at the instability threshold ( s = 0 : b = b ∗, ω = ω 

∗), 

 = 

∫ ∞ 

0 

g(ζ ) cos (ω ζ ) d ζ , 0 = 

∫ ∞ 

0 

g(ζ ) sin (ω ζ ) d ζ . (56) 

hese relations are valid for any complex set of elementary 

hemical reactions controlling the combustion kinetics. The only 

hemical parameter is the distribution w o (ξ ) of heat release in 

he unperturbed CJ wave. The stiffer the distribution w o (ξ ) is, the 

ore unstable the detonation is; as a result, the value of b ∗ gets 

maller and the oscillatory frequency ω 

∗ gets larger. Therefore, the 

nalysis is limited to chemical kinetics for which the distribution 

f heat release w o (ξ ) is sufficiently smooth for ω 

∗ to be of order 

nity, such as to satisfy the two-timescale analysis. More precisely, 

he asymptotic analysis fails as soon as the distribution w o (ξ ) 

ecomes sufficiently stiff to generate a threshold frequency ω 

∗ of 

rder 2 π/ε. 

. Framework for the parametric analysis 

.1. Model of reaction rate 

To ease the parametric study using numerical simulations, we 

ill use the following model of burning rate 

˙ 
 (Y, T ) = B (1 − Y ) exp 

(
− E 

k B T N 

)
exp 

[ 
E T 

k B T N 

(
1 − T N 

T 

)] 
, (57) 

here B is the pre-exponential factor with the dimension of an 

nverse time. The reaction time at the Neumann state t r is then 

iven by 

 r = t r (T N ) = 

1 

B 

exp 

(
E 

k B T N 

)
, (58) 

nd 

˙ W (Y, T ) can be rewritten as 

˙ 
 (Y, T ) = 

w (Y, T ) 

t r 
= 

1 

t r 
(1 − Y ) exp 

[
−E 

k B 

(
1 

T N 
− 1 

T N 

)]

× exp 

[ −E T 
k B 

(
1 

T 
− 1 

T N 

)] 
, (59) 

here t r = t r ( T N ) . This model, first introduced by Clavin and 

e [25] , includes two activation energies: E, which governs the 

emperature sensitivity of the induction period, and E T , which 

rives the temperature sensitivity of the rate of heat release. Typ- 

cally, E T � E in order to clearly separate the induction zone from 

he reaction zone. The model aims to give a fair representation 

f the dynamics of real detonations, where small deviations in 

he temperature of the shocked gas T N from the mean Neumann 

emperature T N , induce large variations in the rate of heat release. 

However, for the model to be consistent with real detonations, 

he reaction rate should in addition stay negligible in the fresh 

as. For this condition to be verified by Eq. (59) in the limit (19) ,

he normalised activation energy E / (k T ) has to be too large,
T B N 

7 
ying outside the range of interest in the current parametric study. 

herefore, following the approach of Clavin and Williams [21] , a 

utoff temperature T c ∈ [ T u , T N ] is introduced so that the reaction

ate is zero for temperatures below T c , i.e., 

˙ 
 (Y, T ) = 

{
0 for T ≤ T c , 
w (Y, T ) /t r for T > T c , 

(60) 

here w (Y, T ) /t r is given by (59) . 

.2. Parameters formulation 

First, it is observed that the burning rate in Eq. (59) may be 

ecast in the form 

˙ 
 (Y, T ) = 

w (Y, T ) 

t r 
= 

1 

t r 
(1 − Y ) exp 

[
E − E T 

k B T N 

(
1 − T N 

T N 

)]

× exp 

[
E T 

k B T N 

(
1 − T N 

T 

)]
. (61) 

hen, the two reduced activation energies of order unity b and β
re defined as 

 ≡ 2(γ − 1) ε
E − E T 

k B T N 
, β ≡ ε2 E T 

k B T N 
. (62) 

sing the reduced propagation velocity of the lead shock ˙ ατ (τ ) 

s given by Eq. (33) , one obtains, for the reduced temperature of 

rder unity, 

= 

T − T N 

ε2 T N 
= 

T − T N 

ε2 T N 
− 2(γ − 1) ε ˙ ατ (τ ) 

ε2 T N 
≈ T − T N 

ε2 T N 
. (63) 

hen, using the above expression for θ , along with the definitions 

f b, β and ˙ ατ , the reaction rate takes the form 

 (Y, T ) = e b ̇ ατ (τ ) (1 − Y ) e βθ . (64) 

For steady Chapman-Jouguet waves, where, according to (23) , 

˙ τ (τ ) = (D − D ) / (a u ε) = 0 , the burning rate is given by a set

f profiles w oβ (ξ ) , all of them corresponding to the same prop- 

gation velocity D , whose stiffness increases with β . According 

o (31) and (32) , these profiles are w oβ (ξ ) = [1 − Y β (ξ )] e β θβ (ξ ) , 

here the functions Y β (ξ ) = θβ (ξ ) are solutions of 

d Y β

d ξ
= (1 − Y β ) e β Y β ; ξ = 0 : Y β = 0 , 

→ ∞ : Y β = 1 and w oβ (ξ ) = 

d Y β (ξ ) 

d ξ
. (65) 

herefore, a parametric analysis of the dynamics is performed 

sing the two scalars b and β . For every value of β there exists a 

hreshold value b ∗ above which the detonation becomes unstable. 

The function y (τ ) = b ̇ ατ (τ ) is obtained from (52) using (43), 

45), (48) and (65) with w o (ξ , y ) → w oβ (ξ , y ) and w oβ [ ξ , y (τ )] ≡
 

y (τ ) w oβ [ ξe y (τ ) ] , since the scaling law (35) is automatically satis- 

ed for the reaction rate (60) –(64) . The critical activation energy 

 

∗ and the corresponding oscillation frequency ω 

∗ at the instability 

hreshold are obtained from (53) to (56) for w o (ξ ) → w oβ (ξ ) . 

. Numerical analysis 

.1. Problem formulation 

After using asymptotic developments to anticipate the one- 

imensional dynamics of gaseous detonations, the primitive 

quations are now solved numerically to assess the validity of 

he theoretical results. For that end, the one-dimensional Euler 

qs. (1) and (2) used above are cast in their conservative form 

∂ U + 

∂ F = S , (66) 

∂t ∂x 
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Fig. 3. Distributions across CJ steady detonation for γ = 1 . 005 , ε = 0 . 1 , β = 5 , b = 0 . 9 : solid line, Mach number (left axis); dashed line, speed of sound (right axis). 
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here the vector of conservative variables U , the flux vector F and 

he source vector S are given respectively by 

 = 

⎛ 

⎜ ⎝ 

ρ
ρu 

ρE 
ρY 

⎞ 

⎟ ⎠ 

, F = 

⎛ 

⎜ ⎝ 

ρu 

ρu 

2 + p 
ρuE + pu 

ρuY 

⎞ 

⎟ ⎠ 

and S = 

⎛ 

⎜ ⎝ 

0 

0 

ρq m 

˙ W 

ρ ˙ W 

⎞ 

⎟ ⎠ 

, (67) 

here E is the total energy (internal + kinetic) and 

˙ W is given by 

q. (60) . As previously, the system is closed with the equation of 

tate (3) . 

For the numerical study, direct numerical simulations of one- 

imensional CJ detonations are performed in the neighborhood 

f the double limit of small heat release and γ close to unity, 

q. (19) . In practice, here γ = 1 . 005 and the normalized heat 

elease per unit mass is set to Q = (γ + 1) q m 

/ (2 c p T u ) = 0 . 01 = ε2 .

hen, as in the theoretical analysis, the numerical problem is fully 

haracterized by the values of γ , ε, b, β and t r . 

The numerical simulations are carried out in the reference 

rame of the steady CJ detonation, with the inlet flow velocity 

orresponding to the CJ Mach number [18] 

 = 

√ 

Q + 

√ 

Q + 1 . (68) 

he outlet boundary condition corresponds to the sonic flow at 

he CJ state obtained via the Rankine-Hugoniot relations for a CJ 

etonation [3,18,27] : 

p b 
p u 

= 

γ M 

2 + 1 

γ + 1 

, (69) 

ρb 

ρu 
= 

(γ + 1) M 

2 

γ M 

2 + 1 

, (70) 

u b 

u u 
= 

ρu 

ρb 

. (71) 

he computational domain extends along the streamwise direction 

or several times the detonation thickness, allowing the sonic 

ondition to be well established at the outlet. 
8 
.2. Numerical method 

.2.1. High-order spectral difference and shock capturing 

All the details of the implementation of the numerical method 

re given in [26] and are not repeated here for sake of brevity, 

nly the main lines are discussed. 

The Euler system of Eq. (67) are discretised with the Spectral 

ifference (SD) method for unstructured spatial discretisa- 

ion [22,24] , using the formulation on quadrilateral grids discussed 

n [23] . Each quadrilateral cell constitutes an ‘element’ in which 

he coordinates are normalised. Within this element, the solved 

ignal is reconstructed from n solution points with a degree 

 − 1 polynomial for each coordinate direction. Similarly, degree n 

olynomials are used to reconstruct the fluxes of the transported 

ariables from n + 1 flux points. The Gauss-Legendre quadrature 

oints are retained for locating the solution points, whereas the 

ux points are selected to be the Gauss-Legendre quadrature 

oints of order n − 1 plus the two ends points. This combination 

f quadrature points was shown by Jameson [24] to be linearly 

table whatever the order of accuracy (i.e., the value of n ) and also 

ptimal for the reduction of aliasing errors and for providing good 

onditioning [24,28] . The reconstructed fluxes are only element- 

ise continuous, and discontinuous across the cell interfaces. 

 Riemann solver is applied to compute a common flux at cell 

nterfaces, to ensure conservation and secure good stability. In 

he current work, the Roe solver with entropy fix is used [29,30] . 

he left and right states of the Riemann solver represent the 

olution on both sides of the shared edge flux point. Simulations 

re performed at the fifth order ( n = 5 ). 

The fourth-order, five-stage, strong stability preserving (RK45- 

SP) scheme is adopted for time stepping [31] . 

Boundary conditions are enforced weakly using the same ap- 

roach adopted for the numerical flux at the interior interfaces. For 

igh-order discontinuous finite elements methods, such as the SD 

sed in the present work, this approach is optimal and is often the 

referred choice. Furthermore, the use of an approximate Riemann 

olver for the inviscid fluxes, which is characteristic by construc- 

ion, guarantees well-posedness. In particular, to compute the 

umerical flux at the sonic outflow, the pressure, the density and 

he momentum are extrapolated from the interior of the domain. 

The leading shock is captured over the mesh by applying 

 method designed to provide sub-cell resolution of the flow 
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Fig. 4. Distributions across a representative CJ steady detonation for γ = 1 . 005 , ε = 0 . 1 , β = 5 , b = 0 . 9 : solid line, progress variable (left axis); dashed line, heat release rate 
˙ W (right axis). 
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iscontinuities through a high-order dissipation term added to 

ll equations solved [32,33] . 1 This well-established approach for 

hock capturing in the context of high-order methods is here 

oupled with a recently proposed modal sensor based on acoustic 

haracteristics and density [26] , in order to trigger the high-order 

issipation term only where needed. This sensor makes use of 

he density and acoustic characteristics as the sensor variables, to 

llow for good resolution of shock discontinuities while partially 
1 Notice that even though the leading shock is weak, solving the Navier-Stokes 

quations with physical viscosity instead of Euler with shock capturing was not 

ound to be enough to stop the solution from diverging due to the fact that γ is 

ery close to unity. 

5

w

9 
itigating post-shock oscillations [26] . The threshold and sensor 

olerance are computed via a self calibration algorithm which de- 

ermines the optimal values for these parameters for an arbitrary 

alue of the order n from a manufactured solution, see [34] for 

he details on this calibration. 

The number of solution points in the whole domain is 20 0 0. 

he domain size for each simulation is set so that the detonation 

hickness is resolved over around 200 solution points. 

.2.2. Scalar limiter 

High-order methods are known to promote boundedness issues 

ith scalar fields. Here, to secure perfect scalar boundedness, i.e. 
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Fig. 5. Profiles of the reduced heat release rate for stable CJ detonations for β = 6 (solid line), β = 5 (dashed line), β = 4 (dotted line). 
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6

 ∈ [0 , 1] , a modified implementation of the positivity-preserving 

cheme introduced by Zhang and Shu [35] is adopted. 2 

Let the lower and upper bounds of Y be denoted as B L = εY and

 U = 1 − εY respectively, where εY is a small number (for instance, 

Y = 10 −13 ). Then, at each stage of the Runge-Kutta time-stepping 

rocess, we can define the parameter θY over a standard element 

computing cell) as 

Y = min 

(
1 , 

Y − B L 

Y − Y min 

, 
B U − Y 

Y max − Y 

)
, (72) 

here Y is the mean value of Y inside the element, and Y min and 

 max are the minimum and maximum values of Y in the element 

espectively. The corrected value of Y is then calculated as 

ˆ 
 = θY (Y − Y ) + Y , (73) 

hich will always be between B L and B U provided that Y is so. 

It should be noted that we had to resort to limiting the 

on-conservative variable Y due to the limiting problem being 

ll-defined for the conservative variable ρY in the current im- 

lementation. As a consequence, the mean value of ρY will not 

e perfectly preserved over the element if ρ is not constant, 

nd the limiter will act as a scalar source term. In practice the 

ontribution of this source term stays negligible (on average it 

epresents around 0.021% of the total mass of a fluid element) and 

annot affect the overall quality of the solution. 

.2.3. Measurement of T N 
The burning rate as defined by Eq. (61) requires precise 

easurement of the instantaneous value of T N , the Neumann 

emperature. T N may be measured making use of the ZND struc- 

ure of the detonation. Downstream of shock, the ZND profile for 

emperature is a quasi-linear function of the progress variable in 

he limit (19) and is given in [21] as 

T − T N 
T u 

= ε2 Y + O[(γ − 1) ε] . (74) 

herefore, T N can be obtained by measuring the value of T at two 

ifferent values of Y > 0 downstream of the shock, and then by 
2 Note that the high-order dissipation term is not triggered outside of the leading 

hock, therefore the reaction zone and the progress variable profile are free from 

dditional dissipation. 

S

t  

t

10 
xtrapolating linearly back to Y = 0 . This approach is adopted in 

he current study with interpolation values for Y ∼ 10 −2 to 10 −1 

epending on the mesh resolution. The process is repeated at 

ach Runge-Kutta stage, and the method has been found to give 

ufficiently accurate measurements of T N with a relative error in 

he order of 10 −6 . 

.3. Steady CJ detonation 

A reference steady CJ detonation is first computed for 

= 1 . 005 , ε = 0 . 1 , β = 5 , b = 0 . 9 and t r = 0 . 048 . The length

f the computational domain is about 4 � , with the characteristic 

ength � ≡ a u t r . Density and pressure are normalized by their 

pstream values, and velocity is normalized by 
√ 

P u /ρu . The cor- 

esponding distributions of these normalized primitive variables 

ersus ξ , the non-dimensional coordinate defined by Eq. (16) , are 

hown in Fig. 2 a with a zoom within the detonation zone in 

ig. 2 b. The Neumann-state values of density, pressure and ve- 

ocity exactly match those obtained from the ZND theory, Eq. (5) , 

hich hints to very low numerical dissipation at the shock. 

Figure 3 shows the Mach number and speed of sound profiles 

cross the inner structure of the detonation. It can be seen that 

he Mach number increases from around 1 − ε = 0 . 9 at the Neu- 

ann state to unity at the CJ point, thus validating the theoretical 

implification of a transonic flow, and the two-time-scale nature 

f the dynamics. In addition, it can be seen that the variation 

n the speed of sound is of the order of ε2 , thus validating the 

heoretical simplification of a constant speed of sound. 

Figure 4 a shows the progress variable and the heat release 

ate ˙ W featuring the cut-off towards fresh gases, Eq. (60) . Looking 

t the zooms inside the detonation in Figs. 4 b and 2 b, it is

onfirmed that the combination of this cut-off temperature in 

he burning rate with the high-order shock capturing approach 

inimizes the spurious leaking of mass and heat within the 

eading shock (i.e., for ξ < 0 ). 

. Comparison of theory against simulations 

In order to compare the theoretical predictions from 

ection 3 with the numerical counterparts, the stability of detona- 

ions is studied for different values of β ∈ [2 , 8] . In particular, the

ransition activation energy, b ∗, and the corresponding oscillation 
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Fig. 6. Normalized Neumann temperature versus time for detonations at β = 5 , with stability threshold b ∗ = 1 . 21 (a) return to a steady CJ; (b) unstable detonation. 

f

t

o

e

t

w

a  

F

b

i

a

requency, ω 

∗, as a function of β are used to verify consistency in 

he results. 

The theoretically expected values of these quantities can be 

btained from the asymptotic stability analysis as follows: the 

volution Eq. (65) is first integrated to obtain Y β (ξ ) , which is used 

o calculate w oβ (ξ ) = [1 − Y β (ξ )] e β Y β (ξ ) . Hence, the reaction rate 

 oβ (ξ ) is used to calculate μ(ξ ) from Eq. (43) , such that w oβ

nd μ can both be used to calculate g(ζ ) from Eqs. (53) and (47) .

inally, g(ζ ) is used to obtain the theoretically predicted values of 

 

∗ and ω 

∗ from Eq. (56) . 

To check consistency with numerical results issued from the 

ntegration of the Euler equations, two different procedures are 

dopted: 
11 
• Stable CJ detonations are computed numerically for different 

selected values of β within the range of interest. The reduced 

heat release rate profiles w o (ξ ) are extracted from the relevant 

distribution of the progress variable (cf. Eq. 65 ). Figure 5 shows 

the reduced heat release rate profile w o (ξ ) for stable detona- 

tions at various reduced activation energies β , as obtained from 

numerical simulations. The critical activation energy b ∗ and 

the corresponding oscillation frequency ω 

∗ at the instability 

threshold are then obtained from theory via Eqs. (53) –(56) in 

the limit for w o (ξ ) → w oβ (ξ ) . The relevant results from this 

procedure, which makes use of a blend of theory and numerics, 

will be hereafter referred to as “Theory, Numerical w ” (TN w ). 

• The second procedure relies solely on the numerical solution 

of the Euler equations. In particular, a reference CJ detonation 
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Fig. 7. Comparison between theory and simulation: solid line, theory; triangles, SIM; diamonds, TN w . 

o

t

r

T

w

n

(

for a given b is used to initialise subsequent simulations at 

different values of b and a fixed value of β . The Neumann 

temperature is collected versus time, restarting the simulation 

for b < b ∗ the solution evolves towards a steady CJ detonation, 

for b > b ∗ periodic oscillations are observed. As shown, for 

instance, in Fig. 6 , for b approaching its threshold instability 

value, the simulation very slowly returns toward a steady CJ 

case ( Fig. 6 a), while for b above its threshold, the temperature 

oscillation is sustained ( Fig. 6 b). Accordingly, the values of b ∗

and ω 

∗ are determined by a trial-and-error procedure checking 

the onset of the instability on the time evolution of T N . Since 

the oscillation period is expected to be of order of t r /ε with 

ε = 

√ 

q m 

/c p T u = 0 . 1 , the runtime for each of the simulations is 

i

12 
set in the order of 10 3 t r to allow sufficient convergence of the 

results. This procedure will be referred to as “SIM”. 

The transition activation energy b ∗ and the corresponding 

scillation frequency ω 

∗ as obtained from the theory and the 

wo numerical procedures SIM and TN w are plotted against the 

eaction-zone activation energy β in Fig. 7 a and b, respectively. 

he results show that the transition activation energy b ∗ decreases 

ith increasing β , consistent with the observation that the deto- 

ation becomes stiffer and thus more unstable with increasing β
cf. Fig. 5 ). Oscillation frequency on the other hand increases with 

ncreasing β . 
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Fig. 8. Growth rate s of the first three oscillation modes at different values of activation energy b for the detonation with β = 5 : circles, b = 1 . 2 ; triangles, b = 1 . 4 ; diamonds, 

b = 1 . 8 ; squares, b = 1 . 2 . It can be seen that the second mode is the most unstable. 
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The breaks in the b ∗ curve and the corresponding jumps in the 

 

∗ curve are due to the existence of multiple oscillation modes 

or the detonation. By fixing the value of b and solving Eq. (55) for 

he growth rate s and oscillation frequency ω, a frequency spec- 

rum of the detonation oscillations can be obtained. As shown in 

ig. 8 , different oscillation modes exist for a detonation, and for 

= 5 , the second mode is the most unstable one, transitioning to 

nstability at some value of 1 . 2 < b < 1 . 4 . The third mode becomes

nstable for some b slightly less than 2.3, while the first mode is 

till stable at b = 2 . 3 . The most unstable mode changes with β ,

hich leads to the jumps in ω 

∗ observed in Fig. 7 b. 

The results show a very good agreement between numerical 

nd theoretical values for both b ∗ and ω 

∗. For large values of β , 

he solution using the numerical burning rate is in better agree- 

ent with the theory than the simulation. Two reasons may be put 

orward to explain this observation. First, the asymptotic analysis 

ssumes a frequency of order unity, thus the quality of the results 

ay be expected to degrade when the frequency of the oscillation 

ncreases. Second, for large values of β , the transition to chaos oc- 

urs within a very small interval of the parameter b which makes 

he trial-and-error determination of b ∗ and ω 

∗ much less accurate. 

. Conclusion 

High-order numerical simulations and asymptotic develop- 

ents have been used to tackle the dynamics of one-dimensional 

aseous detonations in the limit of low heat released coupled 

ith the Newtonian approximation. The focus was on the stability 

hresholds in terms of activation energy controlling detonations in 

he Chapman-Jouguet regime. Simulations were performed using 

 5th order accurate spectral difference discretization solving the 

nviscid Euler balance equations, combined with a recently devel- 

ped high-order shock capturing approach based on characteristic 

aves sensors. This numerical strategy combined with a specific 

rrhenius expression for chemistry allows for the separation of the 

eading shock from the downstream reaction zone, thus limiting 

he impact of spurious numerical diffusion of heat and mass ahead 

f the shock. 

In the theoretical part, the time-dependent velocity of the 

hock appears as the eigenfunction of a single hyperbolic equa- 

ion for the flow velocity, namely Eq. (42) , and the solution is 
13 
xpressed in terms of an integral equation for the shock velocity. 

he threshold levels of activation energy at which the instability 

ccurs obtained from the theory are in very good agreement with 

hose obtained from numerical simulations. 

The theory is grounded on the existence of fast downstream 

unning waves and slow upstream running waves, both travel- 

ng between the reaction zone and the shock. The disturbances 

riginating from the downstream running waves are considered 

o be quasi-instantaneous. An unstable detonation is observed for 

onditions at which the upstream running wave is in phase with 

he shock oscillations. The corresponding oscillation frequencies 

lso agree well between theory and numerical predictions. 

In order to further substantiate the generic character of the 

esults reported in this study, future work shall focus on the 

alidity of such theoretical predictions away from the Newtonian 

nd low heat-release limits. 
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